UNSTABLE ATTRACTORS IN MANIFOLDS 



J. J. SANCHEZ-GABITES 

Abstract. Let M be a locally compact metric space endowed with a contin- 
uous flow ip : M X M > M. Frequently an attractor K for ip exists which is 

of interest, not only in itself but also the dynamics in its basin of attraction 
A(K). In this paper the class of attractors with no external explosions, which 
is intermediate between the well known stable attractors and the extremely 
wild unstable attractors, is studied. We are mainly interested in their cohomo- 
logical properties, as well as in the strong relations which exist between their 
shape (in the sense of Borsuk) and the topology of the phase space. 



1. Introduction 

Let ip : M x R — > M be a continous flow in a locally compact metric phase 
space M (in our case M will almost always be a topological manifold) . Frequently 
an attractor K for tp exists which is of interest, and not only in itself but also the 
dynamics in its basin of attraction A{K). Such a general situation can be very 
complicated, because sophisticated dynamics can occur in A(K) — K . 

Stable attractors have been thoroughly studied; their properties are well known 
and a number of papers deal with them, for example [5], [IB], [U]> [IS]) [13]) [22 
and [33] among others. The present article explores a somewhat bigger class of 
attractors, that of attractors with no external explosions, which can show some 
mild form of instability. They have already been treated in [1] , [2] (albeit from a 
different point of view) and [27] . Thus these papers can be thought of as first steps 
towards an understanding of more general attractors. 

1.1. A brief outline of the paper. After giving the relevant definitions (essen- 
tially due to Athanassopoulos [I]), we begin Section 2 by establishing some prepara- 
tory topological properties of attractors with only internal explosions. This leads 
to a simple characterization of them in Proposition [3] and a rough understanding 
of the dynamics in their basin of attraction in Lemma [BJ 

Next (Section 3) we confine ourselves to the case where the phase space M is a 
topological manifold without boundary and start a local study of attractors with no 
external explosions. By this we mean an analysis of some cohomological properties 
of them and, most notably, an appropriate modification of the well-known result 
that the inclusion of a stable attractor K in its basin of attraction A(K) is a shape 
equivalence. It is stated (Theorem [TTj) in terms of the cohomology of the pair 
(A(K), K) and can be used to detect external explosions. 

Section 4 concentrates on the case where the phase space is a surface and is 
included as a manageable example (due to the low dimension of the phase space) 
which is also easy to visualize. It is shown that the equality xC-^O = x(-A(K)) 
characterizes, among connected attractors, those with no external explosions (thus 
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a geometrical condition yields a strong dynamical property). A complete description 
of their shape (in the sense of Borsuk) is given. 

Afterwards we change gears and perform a global study of attractors with no 
external explosions. That is, we explore the interaction between the shape theoret- 
ical properties of an attractor and those of the phase space it lives in. It turns out 
that there exist very strong connections here because of the presence of homoclinic 
orbits, much in the spirit of Morse-Conley theory (a local dynamical condition, 
that of being an attractor with no external explosions, is related to the topology 
of the phase space) but of a somewhat innovative fashion since they cannot be 
detected by classical tools such as Morse decompositions and Morse equations (we 
will justify this later on). 

In Section 5 we prove that not every manifold can contain an attractor with 
only internal explosions. A precise statement of this result is Theorem I17[ which 
we follow by a number of corollaries and examples. A partial converse is given in 
Theorem [25] Corollary [24] powerfully characterizes stable attractors K C M 2 as 
those for which x(-fT) = xi-MK)), thus showing that attractors with no external 
explosions can also be used as tools to study stable ones. 

Section 6, which closes this paper, contains a result (Theorem I27|) which further 
illustrates the strength of the relation between the shape of an attractor K with 
no external explosions and the phase space. Namely, we prove that if K has the 
shape of the n-sphere then the phase space is homeomorphic either to § n x S 1 or 
to S" x t S 1 (the latter being a "twisted" product). 

1.2. Requirements. 

1.2.1. Basic notions about dynamical systems. Our general reference for the ele- 
mentary theory of dynamical systems is the book by Bhatia and Szego 4 , and in 
particular we shall follow their notation (thus if (p : M x M — > M is a continuous 
flow on M we abbreviate ip(x,t) by x ■ t) save for the limit sets of a point x £ M, 
which we denote uj(x) and a[x) instead of A + (x) and A _ (x) (see [U 3.1 Definition., 
p. 19]). 

The phase space M will be locally compact and metrizable, although most of 
the paper is set up when M is a manifold. 

If A C M and x £ A, we define the positive prolongational limit set of x relative 
to A as 

J+(x,A)= p| U-[t, +oo), 
ue£ A (x),t>o 

where £a(x) denotes the set of all open neighbourhoods of x in A. Clearly x £ 
A C B implies J + (x,A) C J + (x,B) and if A is open in B, or more generally a 
neighbourhood of a; in B, the equality J + (x, A) = J + (x, B) holds. It is not difficult 
to check that ui(x) = J + (x, {x}) and J + (x) = J + (x, M) (see [H Exercises 3.5.1, p. 
23 and 4.8.1, p. 28]). 

The sets J + (x,A) are closed, invariant, and have the following important prop- 
erty: if J + (x, A) possesses a compact neighbourhood Q, then there exist U £ £a{x) 
and t > such that U ■ [t, +oo) C Q. From this it follows without difficulty that 
J + (x,A) is connected whenever it possesses a compact neighbourhood (in partic- 
ular, if the phase space is compact). These properties are true in every Hausdorff 
phase space (not necessarily locally compact or metrizable). 
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All the definitions above can be dualized and give rise to the negative prolon- 
gational limit set of x relative to A, which we denote J~(x,A). It has the same 
properties as J + (x, A). A simple proof shows that y G J~ (x) x G J + (y). 

1.2.2. Isolated invariant sets. K is an isolated compact invariant set (following 
Conley P~2]) if it possesses a compact neighbourhood A (called an isolating neigh- 
bourhood for A) such that K is the maximal invariant set in A, that is K — {x G 
N : x ■ K C A}. Any isolated set has a neighbourhood basis comprised of isolating 
neighbourhoods A. We shall need to refer to the asymptotic sets of A, namely 
N+ = {x e N : x ■ [0,+oo) C A} and A" = {x G A : x ■ (-oo,Q] C A}. These 
are always compact, positively and negatively invariant respectively, and clearly 
A = A+ (~l N~ . 

If A is an isolated compact invariant set, an isolating block A for A is an 
isolating neighbourhood such that dN is the union of two compact sets N l and 
A° (called the entrance and exit sets, respectively) satisfying (1) for every x G A 1 
there exists e > such that x ■ [— e, 0) CM-JV and for every x G A° there exists 
5 > such that x • (0, 5} C M - A, (2) for every x G <9A — A* there exists e > 
such that x ■ [— e, 0) C hat A and for every x G dN — A° there exists S > such 
that a; • (0, 5] C int A. These blocks form a neighbourhood basis of K in M (see 
[XT] and [13]). Moreover, when M is a differentiable n-manifold and the flow is also 
differentiable, there exist isolating blocks A which are n-manifolds (with boundary 
dN) and such that A 1 , A° C dN are also (n— l)-manifolds with common boundary 
A l n A° (in dN). 

The Conley index of A is defined as the homotopy type h(K) of the pointed 
quotient (A/A°, [A°]), where A is any isolating block for A. It can be shown to be 
independent of the particular A chosen (see, for example, [12] or [30]). The Conley- 
Euler characteristic of K, to be denoted x^(K), is the Euler characteristic of the 
pair (A/A°, [A°]), which is readily seen to agree with x(A, N°) = x(N) - xi N °)- 

1.2.3. Attractors. If K is an isolated set, we define its unstable manifold as the set 
W U (K) = {x G M : 7^ a(x) C K} (this coincides with the definition given in [3T1 
p. 389]). Dually, its stable manifold is the set W S (K) = {x G M : / w(x) C A}. 
Clearly both are invariant sets which contain K. In case W S {K) is a neighbourhood 
of K, then A is said to be an isolated attractor and its basin of attraction is its stable 
manifold, which we shall usually denote A(K) (observe that the stable manifold 
is always defined, but we speak of the basin of attraction only in case K is an 
attractor). A(K) is an open neighbourhood of K in M (see [H 1.8 Theorem., p. 
60]). 

An isolated attractor K is stable if it possesses a neighbourhood basis comprised 
of positively invariant sets or, equivalcntly, J + {x) C K for all x G A(K). It is not 
difficult to show that K is stable if and only if W U (K) = K . 

A useful tool is provided by [H Theorem 1.25., p. 64], where it is shown that 
every attractor K (regardless of its stability) uniquely determines a smallest stable 
attractor K which contains it and such that -4(A) = A(K). Specifically, K = 
Uze/f J + ( x )i an( i with this description it can be proved that K is connected if K 
is. Of course if K is stable, A = A. 

1.2.4. Algebraic topology and shape theory. Some acquaintance with shape theory 
is convenient, and the reader can find abundant information in [7], [8], [14] or [25] . 
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A general knowledge about compact polyhedra (or compact ANR's) is also in order, 
the books [6] and [22] being a good reference for this. 

Our main reference for algebraic topology is the book by Spanier [35] . Regarding 
notation, H* denotes Cech cohomology, whereas if* and H* denote singular ho- 
mology and cohomology, respectively (all unreduced and with coefficients in some 
commutative ring R). Recall that Cech and singular cohomology agree on ANR's. 

If (A, A) is a compact polyhedral pair or, more generally, has the shape of a 
compact polyhedral pair, then H k (X,A;R) is finitely generated for every k G N 
and is nonzero only for finitely many values of k (regardless the coefficient ring R). 
Therefore we can define its Poincare polynomial p(X , A; R) = ^2 k>f) p k {X,A;R)t k , 
whose fc th coefficient is 

p k (X, A; R) = rk H k (X, A; R), 
the rank of the i?-module H k (X, A; R); and its Euler characteristic 
X (X,A)=^(-l) fe rk H k (X,A;Z) 

k>Q 

(see [35J pp. 172 and 173]). By its very definition, is obtained evaluating 

p(X, A\1) at t = — 1, and from the universal coefficients theorem it follows that it 
may also be obtained by evaluating p(X, A\7L-i) at t = — 1. We shall make use of the 
fact, which can be found in [351 Exercise B.I., p. 205], that x(A", A) + x(A) = x(X) 
(for the equality to make sense it is enough for any two of the characteristics to be 
defined, since then the third one is automatically defined too). 

The author is grateful to J. M. R. Sanjurjo and M. Castrillon Lopez for their 
helpful conversations. 

2. Attractors with no external explosions. Definition and basic 

properties 

Let K C M be an isolated attractor. We shall call a point x £ A\(K) an 
explosion point if J + (x) K (let us warn the reader that in [1] this concept 
has a different meaning). Stable attractors are those having no explosion points 
whatsoever. With these preliminaries, it does not seem unreasonable to propose 
the following definition. 

Definition 1. (See [T] and [27j ) An attractor K will be said to have only internal 
explosions (or no external explosions) if it is isolated and every explosion point in 
A{K) belongs to K, that is J+(x) C K V x s A(K) - K. 

This class of attractors provides us, therefore, with an intermediate stage between 
the well known picture of stable attractors and the wild one of unstable attractors, 
and can be used to study both. Let us remark that there do exist unstable attractors 
which have no external explosions, as the following Example [3 shows. 

Example 2. Let Z be a compact topological space and define a flow in Z x [—1,1] 
by letting points in Z x { — 1} and Z x {1} be fixed and go "upwards" from (z, —1) 
to [z, 1) otherwise. Now identify Z x { — 1} with Z x {1} in the natural way, that 
is (z, —1) ~ (z, 1), for every z S Z and call M the resulting quotient space. Then 
Z = Z x { — 1} is an unstable attractor with only internal explosions in M . 
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The goal of this section is Lemma HI which gives a fairly complete description of 
the dynamics in the basin of attraction of an attractor with no external explosions. 
We need some preparatory results. 

Proposition 3. Let M be a locally compact metric space. Assume A C M is an 
isolated attractor in M . The following statements are equivalent: 

(1) A has only internal explosions. 

(2) J-(x) C A V xeK-K. 

In case any of these holds, the stabilization of K is K — W U (K). 

Proof. (1. =>■ 2.) Let x G K — A, we prove that J~(x) C K, Since M is a locally 
compact Hausdorff space, its one-point compactification obtained by adjoining 
the ideal point oo to M is a compact Hausdorff space. Morever, the flow in M can 
be extended to M x just by letting oo be fixed. We shall denote J^(x) the negative 
prolongational limit set of x in M Ml that is 

j-( X )= p| c/-(-oo,-t] Mo °. 

ues Moo (x),t>o 

Clearly J^(x) f) M — J~(x), so either J^[x) = J~(x), if the latter is compact, or 
J^o( x ) = J~i x ) u {oo}, if not. 

J^ D (x) is connected (because it has a compact neighbourhood, namely Moo) 
and meets A. To see this it suffices to observe that a(x) is a nonempty compact 
invariant set contained in A (therefore in A(K)) so choosing any y 6 a(x) we get 
5^ C X n a(x) C if n ^(s). However ^(x) has empty intersection with 
•40*0 - if. Certainly, if there existed y S [A(K) - K) n J~(a;) then, since y G M, 
we would have y G J~{x) so x G J + (y). But the last set is contained in if by 
hypothesis, contradicting our choice of x g" K . Therefore J^(x) is a connected set 

Moo _ 

contained in _4(if ) which meets K but not A(K) — K, so necessarily J^{x) C A". 
In particular J~(x) — J^{x) C A". 

(2. =>■ 1.) Let x G A{K) - K. Clearly J + {x) C if because A is a stable 
attractor. However J + (x) cannot meet A — A since otherwise there would exist 
y G A — A such that y G J + (x), so 1 £ J (y) which contradicts the hypothesis. 
Hence J+(x) C A. 

Finally we shall derive the equality A = W"(A) for isolated attractors with 
only internal explosions from condition [2j Since A C A, we have W U (A) C 
lf(if) = A, the latter equality being due to the fact that A is stable. For the 
reverse inclusion, if x G A then ^ a(x) C A (because A is a compact invariant 
set) and, moreover, the hypothesis implies a(x) C J~(x) C A whenever x G' A'. 
Therefore x G VF"(A) if x G if — A so (since trivially A C W(A)) we conclude 
A C W U {K). □ 

If we agree to call a point x G A(K) (or its orbit) homoclinic if ^ a(x), w(x) G 
A (which seems a convenient generalization of the standard notion of a homoclinic 
orbit), the unstable manifold of A is simply the set of all homoclinic orbits. We 
shall prefer the notation TL{K) for this set, because we find it to be more intuitive. 
Proposition[3] above shows that, when A is an attractor with no external explosions, 
A = H(K). 



6 



J. J. sAnchez-gabites 



Athanassopoulos introduced in [2] a classification of isolated attractors K in 
terms of an ordinal number, called the instability depth of the attractor. It measures 
the complexity of the flow in A(K) — K, and in particular attractors with only 
internal explosions are precisely the ones with the lowest instability depth (save for 
stable attractors), though we shall not prove this (it is not difficult). Thus they 
exhibit the mildest possible instability, as we said above. 

Corollary 4. Let M be a locally compact metric space and let K C M be an isolated 
attractor with only internal explosions (whether stable or not). Then A(K) — K 
and K — K are parallelizable (see [4, 2.1 Definition., p. 48]J. 

Proof. Consider the stabilization K of K. By [H Theorem 2.7., p. 70] its region of 
attraction A{K) = A{K) is a separable set and consequently so is its open subset 
A(K ) — K. Moreover, A{K) — K is locally compact because it is an open subset of 
M, so by [H Theorem 2.6., p. 49 and Theorem 1.8., p. 47] together with the first 
assertion in Proposition [3] it follows that A(K) — K is parallelizable. 

The proof for K — K is similar. □ 

Remark 5. An easy consequence of the fact just proved that A{K) is parallelizable 
is that t/SC A(K) — K is a compact section of A{K) — K (that is, the trajectory 
of every x € A(K) — K meets £ exactly in one point Yi- x), then i^Iexe : £ x K — ► 
A(K) — K is a homeomorphism (we say then that £ is a topological section of 
A(K) — K). A similar statement holds for K — K . 

Lemma 6. Let M be a locally compact, locally connected metrizable phase space. 
Assume K C M is an isolated attractor with only internal explosions. Then: 

(1) A(K) — K has finitely many connected components C\, . . . , C s . These can 
be arranged so that for some r < s 

(a) K = H(K)=K\J{CiU...UC r ), 

(b) A(K) = K{j(C r +iU...UC s ). 

(2) There exists a neighbourhood basis of K comprised of isolating neighbour- 
hoods N such that dN has finitely many connected components n\ , . . . , n~ C 
N~ and , . . . , n+, . . . , nf C N + which satisfy: 

(a) For every component Cj of A{K) — K with j < r both nj and are 
topological sections of Cj . 

(b) For every component Cj of A{K) — K with r < j < s the set is a 
topological section of Cj . 

Proof. (1) Let A(K) — K = {Jj eJ Cj be the decomposition of A(K) — K as the 
disjoint union of its connected components. Choose any isolating neighbourhood N 
for K contained in A(K) and observe that, since the compact set dN is contained 
in Uj£jCj and every Cj is open because M is locally connected, there exist a 
finite number of components C\, . . . , C s such that dN C (Ji=i Now we shall 
show that every component of A(K) — K must meet ON, which will imply that in 
fact A(K) — K = [Jj—i Cj. Let C be a component of A(K) — K and assume that 
C n dN = 0, so either CC./VorCn7V = 0. The first case is impossible because 
C is invariant under the flow (being a component of the invariant set A(K) — K) 
and, since N isolates K, we would have C C K. The second one is also ruled out 
because for any x S C the set lo(x) C C would be disjoint from K, contradicting 
the fact that C is contained in A{K). Therefore A{K) — K = Uj=i Cj- 
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If x £ K — K then J~ (x) C K by Proposition [3] and there exist f £ R and an 
open neighbourhood U of x such that U ■ (—00, — t] C TV (since TV is a compact 
neighbourhood of if, thus of J - (a;)). This implies that ^ a(y) C A~ for every 
y E U, hence 7^ a(y) C if because N isolates if. Consequently U C W u (if) = if 
and if — if is open in -A(if) — K. Since it is clearly closed in A(K) — if too, 
any component of A(K) — if must be either contained in K or disjoint with it. 
An adequate relabeling allows us to assume that Ci, . . . ,C r are the components 
of A(K) — if contained in if = H(K) and C r +\, . . . ,C S the ones disjoint with if. 
Thus A{K) -K= UJ= r+ i Cj and K-K = H(K) - K = \f j=1 C 3 . 

(2) By [571 Lemma 3] if possesses a neighbourhood basis of isolating blocks N 
with the property that N = N + U N~ (we refer the reader to [27] for a detailed 
discussion of isolating blocks for attractors with only internal explosions) . We shall 
prove that any of them has the features described in the statement of the Lemma. 
So let N C A(K) be such an isolating block contained in A{K) and observe that 
its boundary is the disjoint union of the two closed sets n + = dN n A^ + and 
n~ = dN n A^~ . For every x £ A^ 1 there exists e > such that x ■ (-£, 0) C M - N, 
so 1 ^ A^ _ and necessarily x £ n + . Thus N l C n + and similarly one establishes 
that N° C nr. But since N* U A^° = dN = n+ U n~ and n+ n n~ =0 we 
conclude that N l = n + and A^ = n~ . This implies that n + is a topological section 
of A(K ) — iV, as we proceed to show now. It will be enough to prove that it is 
a point-set section (see Remark [S]) and moreover the fact that N is an isolating 
block and n + — N l guarantees that the trajectory of any x £ A(K) — K intersects 
n + in at most one point, so it only remains to prove that it indeed meets n + . 
Clearly given any x £ A(K) — K there must exist some t £ K such that x ■ t £ N 
(otherwise A^ would not isolate K) but, since x ■ t is attracted by K, for some other 
t + (x) > t the relation x ■ t + (x) £ dN must hold. It follows that x ■ t+(x) A^, 
because x ■ t g" N, so x ■ t + (x) £ n + as we wanted to prove. The restriction of the 
flow <^| n + X R : n+ x K — > -4(AT) — if is thus a homeomorphism and A(K) — K 
has s connected components C\ , . . . , C s , so the set n + must also have precisely s 
components , . . . , nf which can be labeled in such a way that each is a section 

Finally, by means of an argument similar to the one used for n + one can show 
that ri~ is a topological section for K — K. From this the Lemma follows. □ 

Remark 7. We keep the notation and hypotheses of LemmaUJl 

(1) K is unstable if, and only if, r > 1 (since otherwise K = K). 

(2) The components C\, . . . , C' r (when r > 1) are entirely comprised of homo- 
clinic orbits. Thus we shall call them homoclinic components. The re- 
maining components C r +i, . . . , C s will be said to be components of uniform 
attraction. 

(3) If there are no components of uniform attraction then K will be termed 
purely unstable. This is equivalent to having A{K) = K . 

(4) If M is connected and K is purely unstable then K is a global attractor 
(that is, A(K) = M) and the phase space M is compact. 

Proof. A(K) = K is an open (being a basin of attraction) and closed 
(being K compact) subset of the connected set M, so M — A(K) — K. In 
particular M is compact. □ 
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(5) Conversely, if M is compact then any global connected isolated attractor 
with only internal explosions K is purely unstable. 

Proof. Its stabilization K is a stable attractor whose basin of attraction is 
compact, which requires K — M and implies that K is purely unstable. □ 

Isolating neighbourhoods satisfying the conditions in part (2) of Lemma [5] will 
be called regular. Note however that this is not the standard usage of the word. 

3. ATTRACTORS WITH NO EXTERNAL EXPLOSIONS: COHOMOLOGICAL 
PROPERTIES AND RELATIONS WITH THEIR BASINS OF ATTRACTION 

After having given a rough description of the basin of attraction of an attractor 
with no external explosions, we concentrate on the attractors themselves. In [27 it 
is proved that such an attractor has the shape of a finite polyhedron. Now we want 
to obtain some properties about their Cech cohomology and the Cech cohomology 
of their basins of attraction. 

An n-manifold will mean a topological manifold of dimension n without bound- 
ary. Recall that every such manifold is locally connected, locally compact and, when 
connected, metrizable (thus we are under the conditions of the previous section) . 

We begin with a duality result which allows us to treat regular isolating neigh- 
bourhoods as if they were manifolds with boundary, at least at homology level. It 
can be proved either resorting to the theory of generalized manifolds (about which 
the reader can find information in [9], [29] and [37]) or in a more classical fashion, 
as follows. 

Lemma 8. Let M be an R-orientable n-manifold without boundary. Assume that 
K C M is a connected isolated unstable attractor with only internal explosions. If 
N is a connected regular isolating neighbourhood for K contained in A{K) , then: 

(1) H k (N, dN; R) = H n ^ k (N; R) (Lefschetz duality for N ), 

(2) H k (n~; R) = iJ„_i_fc(n~; R) (Poincare duality for n~ ). 

Proof. A(K) — if is a manifold (because it is open in M) and therefore an ANR. By 
Lemma[6]n + is a topological section (hence a retract) of A(K) — K, and consequently 
it is an ANR. Similary one shows that n~ is an ANR (nT is a retract of K — K, 
which is open in A(K) — K) so dN = n + U n~ is an ANR. In the same fashion 
it can be proved that N is an ANR, and all this implies that Cech and singular 
cohomology agree on N, dN and the pair (TV, ON) . 
Coefficients are taken in R. 

(1) By Alexander duality on A(K) we have 

H k (N, dN) = H n - k (A(K) - dN, A(K) - N). 

Now A(K) is an open neighbourhood of the compact set N, so A(K) — dN = 
int(JV) (J A(K) — N, where the union is disjoint and both sets are open. Thus 

H n _ k (A(K) - dN, A(K) - N) = ff„_ fe (int(iV)). 

Now it follows from the proofs in [27j that the last group is isomorphic to H n _ k (N). 

(2) Let C = K — K = n~ ■ R, which is an i?-orientable n-manifold because it is 
open in A(K ) by Lemma |6] By Alexander duality 

H k (C,C-n-) = H n - k (n-). 
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The pair (C, n ) is homeomorphic to (n X (— 1,1), n x {0}) since n is a section 
of C (Lemma |6|). Consequently 

H k (C, C - n~) = H k (n- x [-1, l],n" x {-1, 1}), 

and the latter group is isomorphic to Hk-i(n~) by Lemma 5. With the duality 
relation established above we get fffe(n-) = i?("- 1 )- fe (n-). □ 

Proposition 9. Let M be an R-orientable n-manifold without boundary. Assume 
that K C M is a connected isolated attractor with no external explosions. Then: 

(1) H k {K-R) = fork>n, 

(2) r < s < rk H^iK-R), 

where s is the total number of components in A(K ) — K and r is the number of 
homoclinic components in A{K) — K . 

Proof. Take coefficients in R. 

(1) By Alexander's duality H k (K) = H n - k (A(K), A{K) - K). For k > n we 
trivially have H n _ k (M, M — K) — 0. For k — n, recalling the fact that A(K) is 
connected (because K is) it follows that H (A(K) 7 A{K) — K) = 0. 

(2) We prove that s < rk H n ^ 1 (K). Letting N be a connected isolating block for 
K, recall that by Lemma[6]r is the number of components of n~ and s is the number 
of components of n + . Consider the long exact sequence in Cech cohomology for the 
triple (N,dN,n~). Since N is connected, H°(N,n~) = so 

... < — H 1 (N, dN) < — H°(dN,n~) < — H°(N,n~) = < — ... 

implies that rk H°(dN,n~) < rk ^(N^N). Now dN = n+ U n" and there- 
fore H°(dN,n~) = H°(n + ) has rank s. By Lefschetz duality on N (Lemma [8]) 
i? 1 (iV, dN) = H n -i(N), so s < rk H n ^i(N). Using the universal coefficients theo- 
rem rk H n ^i(N) = rk H n ^ 1 (N) and since N is an ANR the latter coincides with 
H n ^ 1 {N). Finally, the inclusion K <^-v N is a shape equivalence ( [23 Proposition 
5]), whence s < rk H n - l (K). □ 

Observe in particular that, \fK is unstable (thus r > 1), then rk i?™ _1 (i^) > 1 so 
dira(K) > n — 1. This was proved in [21 Theorem 4.5, p. 166] under the assumption 
that the flow is smooth. 

Corollary 10. Let M be a connected R-orientable n-manifold without boundary. 
Assume that K C M is a connected isolated unstable attractor with no external 
explosions. If rk H n (K; R) = 1, then K is a global attractor. Further, M is 
compact and r = 1. 

Proof. By Proposition [9] we have 1 < r < s < rk H™^ 1 ^; R) so r = s = 1. There 
exists just one homoclinic component because r = 1 but, moreover, r = s implies 
by Lemma [6] that »4(if ) = if. By Remark [7] the attractor K is global and M is 
compact, because it is connected. □ 

It is known that for a stable attractor K the inclusion K A(K) is a shape 
equivalence ([5], [16], pj], [19], [23], [32], [33]) so the polynomial p{A(K), K) is 
trivial. When K, more generally, has only internal explosions, the following result 
holds. 
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Theorem 11. Let M be an R-orientable n-manifold without boundary. Assume 
that K C M is a connected isolated attractor with only internal explosions. Then 
the polynomial p(A{K), K; R) has the symmetric structure 

p(A(K), K; R) = a n t n + On-if 1-1 + . . . + a„_ii 2 + a n t, 

with all the coefficients finite. Moreover a n = T, where r is as in Lemma the 
number of homoclinic components of A(K) — K. 

Proof. Let N be a connected regular isolating block for K, so the inclusion K ^ N 
is a shape equivalence. All coefficients are taken in R. 

Since the inclusion (K,K) <^-> (A(K),K) is a shape equivalence it follows that 
p(A(K), K) — p(K,K). By Lemma |5] we have K — Li = n~ ■ M. which is homeo- 
morphic to n~ ■ (—1, 1) = n~ ■ [—1, 1] — n~ ■ { — 1, 1} and using Lemma 1301 we see 
that 

p(A(K), K) = p(n- ■ [-1, 1], n~ ■ {-1, 1}). 
Applying Lemma 1311 the latter polynomial equals tp(n~), which has finite coeffi- 
cients because n~ is an ANR. 

By the universal coefficients theorem the free part of H k (n~) is isomorphic to 
the free part of LLk{n~). This implies that both have the same rank p k (n~), but by 
the duality relation established in Lemma [H (2) this rank also coincides with that 
of H^ n ^ 1 ^ k (n^), that is p( n ~ 1 ^~ k {n~). Therefore p(n~) is symmetric and using 
the relation p(A(K), K) — tp(n~) established above it follows that p(A(K), K) is 
also symmetric. 

Due to this symmetry, the leading coefficient of p(A(K), K) equals p°(n~) which 
is the number of connected components of n~ or equivalently (by Lemma [6]) the 
number of homoclinic components in A(K) — K. □ 

Hence we see that the polynomial p(A(K), K) can be either trivial (if K is stable) 
or have degree n = dim(M) if K is unstable. It provides another method to detect 
external explosions, as presented in the following Example (compare also with 
Theorem [271): 

Example 12. Let K C T 3 be an isolated unstable attractor with the shape of E> 2 . 
Then K must have external explosions. 

We shall calculate p(A(K),K) and observe that it does not satisfy the sym- 
metry conditions required by Theorem \11\ (all coefficients are taken in Z). Since 
H 2 (K) = Z, we have r = s = 1 so that K is purely unstable and hence a global 
attractor (Corollary^. Thus p(A(K), K) =p(T 3 ,K) = a 3 t 3 + a 2 t 2 + ait for some 
nonnegative integers 01,02,03. We already know that 03 = r = 1 (Theorem \11\). 
From the exact sequence for the pair (T 3 , K) and using H 1 ^) = it follows that 
if 1 (T 3 , K) = H 1 ^ 3 ) = Z 3 ; so p(A(K),K) = t 3 + a 2 t 2 + 3t which contradicts the 
symmetry required by Theorem\ll\ 

The following Corollary will prove useful later on. 

Corollary 13. Let M be a manifold without boundary of even dimension n. As- 
sume that K C M is a connected isolated attractor with no external explosions. 
Then X (A(K))=x(K). 

Proof. Let n be even and take coefficients R = Z2, so that M is indeed i?-orientable. 
The symmetry of p(A(K), K) proved in Theorem ITT1 implies that x(A(K),K) = 0, 
so X (A(K)) = x(K) + x(AK),K)=x(K). □ 
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It is not difficult to see that, if the dimension of the phase space is odd, Corollary 
1131 need not be true any more. 

In [171 Theorem 2., p. 327] it is proved that a finite dimensional compactum K 
with the shape of a compact polyhedron can be embedded in euclidean space in 
such a manner that if is a stable attractor for some suitable flow. It is reasonable 
to ask whether the same is true if we want K to be unstable and have no external 
explosions (anticipating things to come, embeddings in manifolds other than M™ 
should be allowed, because of Example IT5|) . To finish this section we answer this 
question in the negative with Example [14] Thus one obtains the somewhat surpris- 
ing result that there exist compacta which, owing only to their shape, must have 
external explosions when embedded as unstable attractors in manifolds. 

Example 14. Consider the wedge sum § 2 V S 1 C M 3 and thicken it a little to 
obtain a compact 3-manifold K (with boundary) which collapses onto § 2 V 8 1 (K 
is a regular neighbourhood ofE> 2 VS 1 in M 3 ). We assert that K cannot be embedded 
as an unstable attractor with no external explosions in any manifold M without 
boundary. 

Proof. Let us proceed to prove the claim by contradiction. We shall assume that 
M is connected (this is no loss of generality, because K is connected) . Taking coef- 
ficients in Z 2 , it is straightforward to check that H°(K) = H X {K) = H 2 (K) = Z 2 , 
the rest of the groups being null. If we let S,L C K be copies of S 2 , S 1 C S 2 V S 1 
slightly displaced so as to make them disjoint, is clear that the inclusion induced 
homomorphisms H 2 {K) — ► H 2 (S) and if 1 (If) — ► H X (L) are isomorphisms, 
and similarly for homology. Thus S and L are geometric representatives of the 
(co)homology of K. 

Denote m = dim(M). Then m > 3 since H (K) must be zero for k > m (by 
Proposition^ and, on the other hand, m < 3 since /f m_1 (X) must be nonzero (by 
the same token). Thus m = 3. Corollary [TOl asserts that if is a global attractor 
because rk H 2 (K) = 1. Further M is compact and r = 1. 

Now we compute p(M, K). By Theorem [Til we see that p(M, K) — t 3 + at 2 + t 
for some a > 0. Evaluating this equality at t = — 1 yields x(-^)i^) = — 2 + a. It 
is a well known consequence of Poincare duality that x(M) = because M is a 
compact 3-manifold without boundary, and direct calculation shows that x(K ) = 1. 
Hence — 2 + a = x(M,K) — x(M) — x(K) — —1 and consequently a = 1, so 
p(M,K) =t 3 +t 2 +t. 

Let N be an isolating block for K contained in A(K ) . It can be proved that iV" is a 
compact 3-manifold (the argument is given in Step 1 of Theorem l27j) . Its boundary 
dN is the disjoint union of the closed surfaces n~ and n + , which are homeomorphic 
because both are sections of M — K (see Lemma [S]). Further p(M,K) = tp(n~) 
(recall the proof of Theorem [TTj) so p(n~ ) = t 2 + t + 1 and (since the only surface 
which has this Poincare polynomial is MP 2 , the projective plane) we conclude that 
dN is the disjoint union of two projective planes. 

S = § 2 possesses a small open product neighbourhood U = § 2 x (—1,1) C 
int(K) C int(iV), whose boundary dU is the disjoint union of two copies of S 2 . 
We will show that the compact 3-manifold N — U (with boundary dN U dU) has 
two connected components, each of which has a boundary consisting of a 2-sphere 
(coming from dU) and a projective plane MP 2 (coming from dN). However this is 
not possible, because the boundary of an odd-dimensional manifold (such as one of 
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the components of N — U) must have even Euler characteristic (this is easy to prove) 
but x(§> 2 ) + x(KF 2 ) = 3. Thus a contradiction will be obtained so the hypothesis 
that K is unstable but has no external explosions is untenable. 

Claim. There is an isomorphism H\{N,dN) — ► H\(N,N — S) induced by 
inclusion. 

Proof. Let N' be N with an open external collar attached on dN. Both inclusions 
K N and N N' are homotopy equivalences, so the inclusion induced homo- 
morphism H 2 (N') — ► H 2 (S) is an isomorphism. By Alexander duality (and its 
naturality properties) we have a commutative diagram 

H 2 (N') =— H 2 (S) = Z 2 



Hi(N', N' — N) — - H^N'^N' - S) 

which implies that the lower arrow is also an isomorphism. Now (N' , N' — N) 
has the same homotopy type as (N',N' — int(TV)), and in turn the latter de- 
formation retracts onto (N, dN). Since (N',N' - S) is carried onto (N, N - S) 
under this deformation, we conclude that the inclusion induced homomorphism 
H-t (N, ON) — > H t (N, N - S) is an isomorphism. □ 

Claim. Every component of N — U meets dN. 
Proof. From the exact sequence for the triple (N, N — S, dN) 

... — > Hi(N, dN) H\(N, N-S) — > 

— >H (N- S, dN) — ► H Q (N, dN) = 

it follows that Hq(N — S,dN) — 0. Therefore every component of N — S meets 
dN, and so does every component of N — U. □ 

Claim. N — U has precisely two connected components. 

Proof. Since N — U deformation retracts onto N — S, it will be enough to show that 
the latter has two connected components. The chain of inclusions L C N — S C N 
gives rise, in homology, to the composition H\(L) — ► Hi(N — S) — ► H\{N) which 
we know to be an isomorphism by the choice of L. Hence H\{N — S) — ► H\{N) 
is surjective and from the exact sequence 

... — vHi{N-S) — >Hi(N) — >Hi(N,N-S) — > 

— » £ (^ - S) — H (N) = 

it follows that Hq (N — S) is isomorphic to Hi (N, N — S) = Z2 , thus establishing 
that N — S has two connected components. □ 

Consequently N — U has two connected components, each of which contains one 
component of dN (one projective plane) and one of dU (a 2-sphere). This yields 
the contradiction we stated above and finishes the proof. □ 



UNSTABLE ATTRACTORS IN MANIFOLDS 



13 



4. ATTRACTORS WITH NO EXTERNAL EXPLOSIONS IN SURFACES 

We devote this section to the case where the phase space M is a surface (not nec- 
essarily compact). By Corollary [TS] we already know that if K C M is a connected 
attractor with no external explosions then x(JC) = x(A(K)). Our first result shows 
that this simple condition provides, in fact, a characterization of these attractors. 

Theorem 15. Let M be a 2-manifold without boundary and let K C M be a 

connected isolated attractor. Then K has only internal explosions if, and only if, 
x(K)=x(A(K)). 

Proof. We only need prove that X (K) — x(A(K)) implies that K has no external 
explosions. Assume (a justification for this is provided later) that the flow is topo- 
logically conjugate to one of class C 1 , at least in some open neighbourhood of K. 

Step 1. Let N be a connected isolating block for K. Denote n + — N + DdN and 
n~ = N~ n dN. Then every component of dN meets n~ or n + . 

Proof. Consider the following commutative diagram, which is built up from the 
exact sequences for the pairs (N°,n~), (N~,n~) and (N,N°). 





H°(N°,n-) 



H 1 (N, N°) 



(1) 



H 1 (N-,n 



H°(N C 



(2) 



H°{n-) 



H°{N) 



(3) 



H°(N, N°) 



(4) 



H°(N-) +— H°(N-,n-) 



Arrows (1) and (4) are isomorphisms by [34l Corollary 2. (a), p. 1437], and so is (3) 
because N~ is a connected (since K <—* N~ is a shape equivalence) subset of the 
connected set N. An easy diagram chasing shows then that (2) is a monomorphism 
and consequently H°(N°,n~) = 0. That is, every component of N° meets n~. 
Similarly one proves that every component of N l meets n + . □ 



Step 2. X h(K) = X (K). 

Proof. As K (the stabilization of K) is a stable attractor with region of attraction 
A(K), its Conley-Euler characteristic is x n (K) = \{K) (cither take a positively 
invariant neighbourhood of K as an isolating block to compute its Conley index or 
see [341 Corollary 2.(b), p. 1437]). Since the inclusion K A(K) = A{K) is a 
shape equivalence, — x{K) — x{A{K)). 
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Every fixed point of K (if any) must lie in K, because the latter is an attractor 
and K is contained in its basin of attraction. Hence by [26J, Corollary. (ii), p. 858], 
Xh{K) = xh{K) = x{A{K)), and using our hypothesis that x(K) = x(A(K)) we 
get X h(K)=x(K). 

A warning may be in order here. McCord's paper PUT] is set up for C 1 flows 
in compact manifolds. However it is not difficult to see that only differentiability 
near the invariant set is used. Further, since Conley's index and fixed points are 
preserved by topological conjugation, the assertions of [26l Corollary, p. 858] are 
also true for flows which are just topologically conjugate to a class C 1 one near the 
invariant set. We shall see later on that this is our case. □ 

Step 3. K has an isolating block of the form N = N + (J N~ . 

Proof. Let N be a connected isolating block for K. Then x^{K) — x{N,N°) = 
x(N~ ,n~), where the second equality follows again from [34l Corollary 2. (a), p. 
1437], referred to in Step 1. above. Moreover, x(N~) = x{K) because the inclusion 
K e —* N~ is a shape equivalence, so x^K) = x(7V~,n~) = x(N~) — xi n ~) = 
x{K) —x( n ~) an d consequently x( n ) — (recall that xh{K) = x{K) by Step 2.). 
Similarly one proves that x{ n+ ) = 0. 

The argument above applies to any connected isolating block for K . Since the 
flow is topologically conjugate to a class C 1 one near K (in particular near K) and 
isolated sets for differentiable flows have isolating blocks which are differentiable 
manifolds ([13]), K has isolating blocks which are topological manifolds. Thus we 
may assume that N is a compact 2-manifold with boundary dN, which is a union 
of circumferences C\,...,C S . Let P = n + {Jn~. Then P is a compact subset 
of dN and, by Step 1., every circumference Cj meets P. Moreover x(P) = 
because it is the disjoint union of two sets with Euler characteristic zero. Now 
= x{P) = Si=i X(P H Ci) and, since the Euler characterstic of a proper subset 
of a circumference is positive, it follows that P PI C, = Ci for every 1 < i < s, so 
dN = P = n-\Jn+. Thus N = N+\JN-. □ 

Step 4- K has only internal explosions. 

Proof. This is easy. Let N = N + [JN~ be an isolating block for K, as the one 
obtained above. We have to show that J + (x) C K for every x G A(K) — K . Given 
x E A(K), as u){x) C K (because K is an attractor) there exists t > such that 
x ■ [t, +oo) C N, or x ■ t G N + . Now N + is a neighbourhood of x ■ t in N (because 
N = N+{JN~), hence in M. Therefore J + {x) = J+(x,N+). Finally, since K is 
a stable attractor for the semiflow obtained by restricting ip to N + , we have the 
inclusion J + (x, N + ) C K, which finishes the proof. □ 

It only remains to justify the assumption that the flow is topologically conjugate 
to one which is of class C 1 near K . Let U be an open neighbourhood of K in 
M such that U is a compact 2-manifold with boundary. By a theorem of Beck 
([3]) we can modify the flow in M so that dU is comprised of fixed points. Now 
U is an invariant set, and the trajectory segments contained in it are unaltered 
(save a reparametrization) by this process. Pasting disks onto dU to get rid of 
the boundary components of U (if any) and letting those disks consist of fixed 
points, a compact 2-manifold is obtained which carries a flow containing U. Using 
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Gutierrez's smoothing theorem [18], the flow in U is topologically conjugate via a 
homeomorphism h to a class C 1 flow. □ 

Finally, Theorem [TBI gives a complete description of global (unstable) attractors, 
with only internal explosions, in compact surfaces. 

Theorem 16. Let M be a compact, connected 2-manifold without boundary. If 
K C M is a connected isolated unstable global attractor with no external explosions, 
then %(M) < (thus M is neither the sphere nor the real projective plane) and K 
has the shape of a bouquet of 1 — x(M) circumferences. 

Proof. Let us show in the first place that K has the shape of a bouquet of circum- 
ferences. Since K is d, global attractor and M is compact, by Remark [7] it follows 
that K is purely unstable so A(K) — K consists only of homoclinic orbits. Therefore 
if N — N + U N~ is an isolating block for K we know from Lemma [pj that K has 
the same shape as M — n~ . Since n~ x R is homeomorphic to M — K, which is 
a generalized 2-manifold (because it is a topological 2-manifold), n~ is a gener- 
alized 1-manifold itself (see [29] Theorem 6., p. 17], which applies only to locally 
orientable generalized manifolds, and [9], showing that every generalized manifold 
is locally orientable) and therefore a topological 1-manifold by [37J Theorem 1.2, p. 
271]. Hence n~ is the disjoint union of r > 1 circumferences (alternatively one can 
use Gutierrez's smoothing theorem [18] as in Theorem [15] to obtain isolating blocks 
N which are topological 2-manifolds) and K has the shape of M with r nonseparat- 
ing circumferences removed (recall that n~ does not separate M , as shown is Step 
2 in the proof of Theorem [T7| . This has the same homotopy type as a compact con- 
nected 2-manifold whose boundary consists of 2r circumferences. Pasting 2r disks 
to get rid of the boundary one obtains a compact connected 2-manifold without 
boundary, which has a standard representation as a polygon with edges identified. 
Now remove again the 2r disks from the interior of this polygon and observe that 
the remaining structure has the homotopy type of a wedge sum of circumferences. 
Therefore K has the shape of a bouquet of, say, q > 1 circumferences. 

Next we shall determine the value of q. Since A(K) = M, by Corollary [13] 
and the fact that the dimension of M is even we have x(M) = x(K)- However 
x(K) = 1 — q because if is a wedge sum of q circumferences and it follows that 
q = 1 — x{K) — 1 ~ x(M)- Finally we have 1 < q = 1 — x(M) which implies 
X(M) < 0. □ 

It is not difficult to construct specific examples, for any compact surface M 
without boundary such that x(M) < 0, of connected isolated unstable attractors 
with no external explosions which are global. Thus the result above is sharp. 

Let us remark finally that the fact that neither the sphere nor the projective 
plane can contain connected attractors without external explosions will also be 
proved, by other means, in Examples fl9l and l22l 

5. Manifolds which contain attractors with no external explosions 

Now we start our global study, relating dynamical properties of attractors with 
no external explosions (namely, the number of homoclinic components in their basin 
of attraction) with the topology of the phase space. An instance of this fact was 
presented in |27[ Theorem 17], where it was shown that every connected unstable 
attractor in K™ must have external explosions. 
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Let us remark here that, although this approach is inscribed in the lines of the 
classical work by Morse, Smale and Conley, it is not subsumed in it. Indeed, the 
Morse equation of a Morse decomposition Ai provides a relation between the Conley 
indices of the Morse sets in Ai and the Poincare polynomial of M, but unstable 
attractors cannot be detected by Morse decompositions. 

More precisely, suppose that Ai = {Mi, ... , M n } is a Morse decomposition of 
M and K is an attractor contained in some Mfc. Then we claim that K C Mfc 
also, which means that K and K are indistinguishable for Ai. Indeed if p G K, 
then Lo(p) C K C Mfc and, since a(p) must be contained in some Morse set and 
intersects K (see the characterization of if in [4]) then a(p) C Mfc also. This means 
that p G Mk too and proves that K C Mfc, as claimed. In particular our results 
cannot be proved within the classical Morse-Conley theory. 

5.1. Necessary conditions for a manifold to contain an unstable attractor 
with no external explosions. 

Theorem 17. Let M be an R-orientable n-manifold without boundary. Assume 
that K C M is a connected isolated unstable attractor with only internal explosions. 
Then there exist r independent cohomology classes 

ai,...,a r G ^{M^R) 

such that 

ai ^ otj = V 1 < i, j < r, 
where r > 1 is the number of homoclinic components of A(K) — K. 

Proof. Since K and thus A(K) are connected, we can assume without loss of gener- 
ality that M is itself connected (otherwise we can argue with the component which 
contains K), hence a metrizable locally compact space. Let N = N + U N~ be a 
connected regular isolating neighbourhood for K . The hypothesis that K be un- 
stable implies that n~ is nonempty and has components nj - , . . . , n~ (the notation 
is the same as in Lemma [6]). Coefficients in R are to be understood throughout. 

Step 1. n~ does not separate M. 

Proof. It will be enough to show that it does not separate A{K) because the latter 
is an open neighbourhood of n~ . By Lemma [6] we have A(K) = K U n~ ■ R U 
Uj=r+i n j^ ' ®) where the union is disjoint. Hence 

s 

A(K ) - rT = K U n" ■ (-co, 0) U n~ ■ (0, +oo) U |J n+ -R. 

For any x G n~ ■ (-co, 0) clearly x ■ (-co, 0] C n~ ■ (—oo, 0) C N~ so ^ a{x) C 
K. Therefore x ■ (-oo,0] = x ■ (-oo, 0] U a{x) C n~ ■ (-oo, 0) U K C _4(if) - n~ is 
a connected subset of A{K) — n~ that contains x and has nonempty intersection 
with K, which is also connected. This implies that K and x are in the same 
component of A(K) — n~~ . Similar arguments can be made for x in n~ ■ (0, +oo) or 
Uj=r+i n t ' ^ ne on ly difference being that now it is the forward semitrajectory 
x ■ [0, +oo) and the w-limit ^ oj(x) C K which are to be used. This proves that 
every point in A{K) — n~ lies in the same component as K, so that A(K) — n~ is 
indeed connected. □ 
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Now we shall define the cohomology classes ai, . . . , a r £ H 1 (M). Let us denote 
k : M (M,M - n~) the inclusion. Since H X {M,M - n~) = by 
Alexander duality on M and the latter module is, by Lemma 0(2), isomorphic 
to H[)(n~) — PJ, it follows that Hi(M,M — n~) is free of rank r. Now by the 
universal coefficients theorem H 1 (M, M—n~) is also free of rank r. Let f3%, . . . ,/3 r £ 
H 1 (M, M — n~) be independent generators and set ctj — k*(j3j) £ H 1 (M) for every 
1 < j < r. 

Step 2. The classes a%, . . . ,a r £ H 1 (M) are independent. 

Proof. Consider the following portion of the long exact sequence in reduced coho- 
mology for the pair (M, M — n~): 

...< — H 1 (M) £- ff^M, M - n~) < — H°(M -n~)< — ... 

Since we know by Step 1 that rr does not separate M, H°(M — n~) = and 
consequently k* : H 1 (M,M — n~) — > H 1 (M) is a monomorphism. Therefore 
a%, . . . ,a r are independent classes in H 1 (M). □ 



Step 3. The classes oii,...,a r satisfy the relations a* - — ctj = for every 
1 < i,j < r. 

Proof. Observe that n~ possesses a product neighbourhood in M, namely UI=i Q = 
rr ■ M = rr x R. Therefore there exist two homeomorphisms hi,h 2 ■ M — > M 
such that: (1) both arc homotopic to the identity idM, (2) hi{n~ ■ (—1)) = rr and 
h 2 (rT ■ (+1)) = rr . Moreover the cup product pairing of H 1 (M,M — rr ■ (—1)) 
and H l {M, M - rr ■ (+1)) is trivial because M — n~ ■ (-1) and M-n~ ■ (+1) are 
open sets whose union is the whole manifold M (see [35j P- 251]). 

Denoting k\ : M ^> (M,M - rr ■ (-1)) and k 2 : M ^ (M,M - rr • (+1)) 
the inclusions, by the naturality of cup product ( 35, 8., p. 251]) there exists a 
commutative diagram 



i? 1 (M, M - rr) 



iT^M, M- n~) 



H l {M,M -n~ ■ (-l))xH l (M,M -n~ ■ (+1)) = H 1 (M,M) 



H 1 (M) 



H\M) 



H 2 {M) 



It follows that {hiokiYifii) — {h 2 ok 2 )*{Pj) = {k\ oh\){Pi) — {k 2 oh* 2 ){[3 3 ) = 0, 
but since h\ and h 2 were chosen to be homotopic to the identity, we have h\ok\ ~ k, 
h 2 o k 2 ~ k and consequently ; — ' ay = 0. □ 



This completes the proof. □ 
A number of useful corollaries follow inmediately from Theorem 1171 
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Corollary 18. If M is an R-orientable manifold such that H 1 (M;R) = then 
every connected isolated unstable attractor K C M has external explosions. 

As an instance of the result above we present the following Example, part of 
which was already contained in [371 Theorem 17.]. We would like to point out that, 
although the technique used there is quite different from ours, it has been inspiring 
for the present work. 

Example 19. Every connected isolated unstable attractor K C K™ has external 
explosions, since _ff 1 (R™;Z) = 0. A similar statement holds for §" (the n-sphere) 
when n > 1 or for the complex projective spaces CP™ . 

We have just concluded that every connected unstable attractor K C R™ must 
have external explosions, because R" does not fulfill the necessary conditions given 
by Theorem 1 171 The following Example presents a technique which allows to show 
that some phase spaces share the same property, although they do fulfill the re- 
quirements of Theorem 1171 

Example 20. Every connected isolated unstable attractor K contained in the open 
2-dimensional annulus A — {x G R 2 : 1 < ||x|| < 2} has external explosions. 

To prove this observe that A is embedded in R 2 ; where every connected isolated 
unstable attractor has external explosions. Our plan is to extend the flow in A to 
the whole o/R 2 . 

Assume that K has no external explosions and let K C A be the stabilization 
of K . Let P be a compact, positively invariant neighbourhood of K in A. By a 
theorem of Beck 3. Theorem, p. 99],) we can modify the flow in the annulus 
making every point in A — int(P) fixed and leaving int(P) unchanged, save an ap- 
propriate reparametrization. Under this new flow K is still a connected isolated 
unstable attractor whose basin of attraction is int(P) and which does not have ex- 
ternal explosions. Extending the flow to the whole R 2 by letting every point outside 
A be fixed we see that K is a connected isolated unstable attractor in R 2 which does 
not have external explosions, contradicting Example 1 1 9i 

This stands in contrast with the situation for the closed annulus, which certainly 
contains an unstable attractor with no external explosions (apply the construction 
described in Example [2] with Z = [0, 1], the unit interval). 

The argument presented in the Example above can be used in general to obtain 
the following refinement of Corollary [T8l 

Corollary 21. Let M be an n-manifold without boundary which can be embedded 
in an R-orientable n-manifold M such that H 1 {M\R) = 0. Then every connected 
isolated unstable attractor K C M has external explosions. 

So far we have not made use of the multiplicative structure in the cohomology 
ring of M . An example which takes it into account is gained with the real projective 
spaces. 

Example 22. A connected isolated unstable attractor K in RP", the n-dimensional 
real projective space, has external explosions whenever n > 2. 
To prove this let R = Z2 in Theorem \ 1 7[ It is known that 

H*{RF n :Z 2 ) = 
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is the truncated polynomial algebra in one indeterminate a. Therefore the only 
nontrivial class in H 1 (MP n ; Z2) is a, but its square a 2 is nontrivial in H 2 (KF n ; Z2) 
(recall we assumed that n > 2) so the conditions in Theorem \17\ cannot be met. 

Observe that in case n = 1 the space RP 1 is homeomorphic to 8 1 , which certainly 
admits isolated unstable attractors with no external explosions (let K be a single 
point and the rest ofS 1 a homoclinic orbit). 

Example 23. Let T n = S 1 x . . . x S 1 be the n-dimensional torus. If K C T" is 
an isolated unstable attractor with no external explosions, then there exists exactly 
one homoclinic component in A(K) — K . 

The assertion follows from the structure of the cohomology ring H*(T n ;Z), 
namely that of an exterior algebra with n generators Ui,...,u n £ 7J 1 (T™;Z). In 
fact, if a\ = ^2" = iki^i is a nontrivial class in i? 1 (T n ;Z) and a 2 = Sj=i h u j 
is another class satisfying oti ^ a% = 0, then an easy computation shows a± ■— - 
Q'2 = Ei<j<j<n(^'i — kjli)(u>i ujj) = which implies kjj — kjU = for every 
1 < z < j < rx. But these are exactly the 2-minors of the matrix 

( hi k 2 ... k n \ 
\ h h ■■• K J 

so it has rank one and ai,a 2 are linearly dependent. Hence the maximum number 
of classes in iJ 1 (T rl ;Z) which meet the conditions of Theorem \ 1 7| is one and the 
assertion is proved. 

The next result generalizes [271 Theorem 18] and is a joint consequence of Theo- 
rem Q~5] and Theorem [17] We shall state it for attractors in M 2 , the euclidean plane, 
but it holds more generally for any 2-manifold where unstable attractors must have 
external explosions (such as § 2 , RP 2 or open annuli, for example). 

Corollary 24. Let K C M 2 be a connected isolated attractor. Then, 

K is stable X {K) = x(A K ))- 

Proof. The only nontrivial implication is <=. Thus, assume x(^0 = X{-A(K)). Then 
by Theorem [T5]-ftr does not have external explosions, so using Example[Tn]it follows 
that K cannot be unstable. □ 

Thus for example a connected, isolated global attractor in K 2 is stable if, and 
only if, it has trivial shape. 

5.2. Sufficient conditions for a manifold to contain an unstable attractor 
with no external explosions. To finish this section we shall present a partial 
converse to Theorem [TTJ Basically, it is an elaborated setting of Example [2] 

Theorem 25. Let M be a closed oriented smooth manifold. If H (M;Z) ^ 
then M contains a connected isolated unstable global attractor having no external 
explosions. 

Proof. We assume without loss of generality that M is connected and take coef- 
ficients in Z. Let a E H 1 (M) be a nonzero cohomology class and denote by z G 
ff n _i(M) its (nonzero) Poincare dual. By Theoreme 11.27., p. 55] there exists 
an oriented closed smooth hypersurface Z C M such that, if i : Z <—> M denotes the 
inclusion, z*([Z]) = z where [Z] £ H n -i(Z) is a fundamental class of Z. If Z is not 
connected, let it have components Z\, . . . , Z p with fundamental classes [Z\\, . . . , [Z p ] 
such that [Z] = [Zi] + . . . + [Z p ]. Since i*([Z]) = i*([Zi}) + ... + i*([Z p ]) = z is 
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nontrivial, some i*([Zfc]) is nontrivial too (although not necessarily equal to z). We 
keep Zk (which we shall again call Z) and discard the remaining components. 

Step 1. Z does not separate M. 

Proof. Consider the following portion of the long exact sequence in homology for 
the pair (M, Z): 

. . . — > H n (Z) = — > H n (M) — » H n (M, Z) — 

— > fr„_i(z) ff„_i(M) — > . . . 

The inclusion induced homomorphism i„ : H n _ 1 (Z) — > H n _i(M) is injective, 
because it carries the generator [Z] of H n _i{Z) = Z onto a nontrivial element in 
H n _x{M) by construction and the latter is torsionfree since M is orientable. It 
follows that H n (M, Z) = H n (M) = Z and by the universal coefficients theorem the 
free part of H n (M, Z) is isomorphic to Z. 

From Alexander duality applied to the pair (M, Z) in M there exists an iso- 
morphism Hq(M — Z) = H n (M,Z). Moreover, since (M,Z) is a polyhedral pair, 
Cech and singular cohomology agree on it so Hq(M — Z) = H n (M, Z). Therefore 
H n (M,Z) is free, which together with the conclusion of the previous paragraph 
shows H n (M, Z) = Z. Hence M - Z is connected. □ 

Step 2. Z possesses a product neighbourhood in M . More precisely, there exist 
an open neighbourhood U of Z in M and a homeomorphism h : U — ► Zxl such 
that h(z) — (z, 0) for every z G Z. 

Proof. Consider the normal bundle of Z in M, denoted by LZ. By the tubular 
neighbourhood theorem we can assume that its total space E(J-Z) is embedded 
as an open neighbourhood U of Z in M and Z corresponds to the zero section of 
±Z. Thus it will be enough to show that -LZ is trivial. Now _LZ is isomorphic 
to the quotient bundle T j^ z , where TM and TZ are the tangent bundles to M 
and Z respectively and TM\z is the restriction of TM to Z (more precisely, the 
pullback of TM under the inclusion i : Z M). Since Z and M are orientable, 
their tangent bundles are orientable and therefore so is _LZ. Consequently LZ 
is a one-dimensional orientable bundle, whence it is trivial ( |21l Theorem 4.3., p. 
106]). □ 

Finally, define a flow inZxl such that Z x (— oo, 0] and Z x [1, +oo) consist 
of fixed points and points in Z x (0, 1) move from Z x {0} to Z x {1}. Carry this 
flow to M via the homeomorphism h and extend it letting every point outside U 
be fixed. The set K = M — h^ x {Z x (0, 1)) is an isolated compact connected global 
attractor (it is connected because the inclusion K e — ► M — Z is a shape equivalence 
by Lemma [6] and we have already shown that Z does not separate M). K is not 
stable, because the orbit of any x K is homoclinic, and further it has no external 
explosions because by construction J + {x) C K for x G M — K. □ 

Combining Theorems 1171 and 1251 the following characterization is inmediate. 

Corollary 26. Let M be a closed orientable smooth manifold. There exists a 
connected isolated unstable attractor with no external explosions in M if, and only 
if H 1 (M;Z)^Q. 
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6. Unstable attractors with the shape of §" and no external 

explosions 

This last section abounds in the relation between properties of an attractor and 
those of the phase space. Namely, we tackle the following question: let M be 
a connected manifold without boundary and let K C M be a connected isolated 
unstable attractor with only internal explosions. If K has the shape of §™, what can 
be said about Ml An argument similar to that in Example[l4]shows that M must be 
(n+l)-dimensional. Further, by Corollary |TD] it follows that M is compact and there 
exists just one homoclinic component. However now the problem is considerably 
more complicated because there does not exist a complete classification of higher- 
dimensional manifolds. 

To state the result we need some notation. The product S™ x S 1 can be thought 
of as the quotient obtained from S n x [—1,1] by pasting its upper and lower lids 
in standard fashion, that is identifying (x, 1) with (a;, —1). However we shall need 
a "twisted product" S" x t S 1 , which is the result of pasting the upper and lower 
lids of S™ x [—1, 1] via the orientation reversing homeomorphism r n : S n — ► S™ 
given by r n (xi,x 2 , x n +i) = (-Xi,x 2 , x n +i)> that is identifying (x, 1) with 
(r n (x), —1). Both § n x S 1 and S™ x t S 1 are compact, connected (n + l)-manifolds 
without boundary, but the first is orientable whereas the second is not. 

We shall also assume that Poincare's conjecture is true throughout. 

Theorem 27. Let M be a connected manifold without boundary and let K C M 
be an isolated unstable attractor without external explosions. If K has the shape 
o/S", where 1 < n < 2, then M is homeomorphic to S n x S 1 (if orientable) or to 
S™ x t S 1 (if nonorientable) and K is a global attractor. 

Further generalizations (for arbitrary n) will be described later. To prove the 
Theorem we need the following Lemma 1281 Its proof relies upon the annulus the- 
orem, which states that if : § n_1 — ► § n are two bicollared embeddings of 
S™" 1 into then the component of 8" - /^S"" 1 ) U ^(S™ -1 ) comprised between 
/i(S n_1 ) and /2(§ n_1 ) is a topological annulus, that is, a product S™ _1 x [0, 1] (an 
embedding / : §" _1 — > S" is bicollared if it can be extended to an embedding 
/ : S"" 1 x [-1, 1] — > S n which restricts to / on S"" 1 x {0}). The annulus theorem 
was proved in [53] for n ^ 4 and in [55] for n = 4 (see also [15]). 

Lemma 28. Let N be a compact (n + l)-manifold which has the shape of §™, 
n > 2. Then N is orientable and has a boundary dN with two components, which 
are homology n-spheres. If both are topological n-spheres, N is homeomorphic to 
S n x [0,1]. 

Proof. Observe in the first place that, since N and S™ are ANR's, the hypothesis 
that both have the same shape implies that they have, in fact, the same homotopy 
type. In particular N is simply connected (recall n > 2) so it is orientable. By Lef- 
schetz duality ([35, 20 Theorem p. 298]) H k {N,dN) = H n+1 - k (N) = H n+1 - k (S n ) 
so H k (N, dN) = Zforfc=lor£; = n+ l and H k (N, dN) = otherwise. When 
< k < n we have Hk(N) = and H k +i(N, dN) = so from the exact sequence 
for the pair (N, dN) 

... — » H k+1 (N,dN) - — » H k {dN) — » H k (N) = — » . . . 
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it follows that Hk{dN) = 0. In the lower dimensions 

... — ► ffi(iV) = — ► Hi (TV, dN) = Z — ► 

— » H (dN) — ► flo(JV) = — > . . . 

and we obtain Ho(dN) = Z, so 97V has two connected components Si and 52- 
Since H k (dN) = H k (Si) © H k (S 2 ), for < k < n we have H k (Si) = H k {S 2 ) = 0. 
Finally, dN is a compact, orientable, boundaryless n-manifold (being the boundary 
of a compact, orientable (n + l)-manifold), so the same is true for its components 
S\ and S2. Thus H n (S\) = H n (S 2 ) = Z and consequently Si and S2 are homology 
spheres. 

Assume now that both homology n-spheres Si and S2 are in fact n-spheres. 
Denote TV the boundaryless compact (n + l)-manifold obtained by pasting two 
disjoint (n + l)-balls D\ and D 2 onto TV so that dD\ — S\ and dD 2 = S 2 . 

We claim that TV is a homology (n + l)~sphere. From the exact sequence for 
the pair (N,Di U D 2 ) it follows inmediately that H\(N) © Z = H X {N,D X U D 2 ) 
and Hk{N) = H k (N, D x U D 2 ) for 2 < fc < n + 1. Letting p x and p 2 denote the 
centers of D x and D 2 we have H k {N,D x U D 2 ) = H k (N - {p 1 ,p 2 },D 1 U D 2 - 
{pi,P2}) = H k (N,dN) = H n+1 ~ k (N) by excision and Lefschetz duality. Therefore 
Hi(N) © Z = ff n (AT) and fT fc (iV) = H n+1 - k (N) for 2 < fe < n + 1. Since TV has 
the same cohomology groups of S™ , substituting in the formulae above it is readily 
seen that N has the homology groups of the (n + l)-sphere. 

TV is obtained adjoining the (n + l)-cells D\ and D 2 onto N . Since n + 1 > 3 and 

is simply connected, so is N (this is a consequence of Van Kampen's theorem 
[20]. Theorem 1.20.]). Hence by the Poincare conjecture N is the (n + l)-spherc. 
Now observe that Si and S2 are two embeddings of S™ into TV = §™ +1 which are 
bicollared. Namely the union of a collar of Si in TV (see for example [20, Proposition 
3.42.]) and another collar for Si in D\ gives a bicollar for Si in TV = § n+1 . 
Similarly for S 2 . From the annulus theorem it follows that TV is homeomorphic to 
§" x [0, 1]. □ 

The Lemma just proved is not true for n = 1, because then TV can be either 
S 1 x [0, 1] or a closed Mobius band (this is trivial). 

Proof, (of Theorem [27]) We shall deal with the case n = 2, because n = 1 is similar 
but simpler. We already know that M is a compact 3-manifold and K is a global 
attractor. Let TV be an isolating block for K as in Lemma [6] 

Step 1. TV is a 3-manifold. 

Proof. Since K is a global attractor and M is compact, K is purely unstable. 
Therefore both n~ and n + are sections of M — K, so since the latter is a 3- 
manifold and therefore a generalized 3-manifold, it follows that n~ and n + are 
generalized 2-manifolds (as in Theorem ll6|) . The same argument as in Theorem [TB] 
shows that n~ and n + are compact, boundaryless, topological 2-manifolds. The 
fact that n _ x (—1,0] = nT ■ (—1,0] C N is an open neighbourhood of n~ in TV 
and similary for n + proves that 9TV is properly attached to TV, which is therefore a 
manifold. □ 
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Step 2. There exists a homeomorphism hi : § 2 x [0, 1] — ► N such that /ii(S 2 x 
{0}) = n~ and hi(§ 2 x {1}) = n+. 

Proof. Since the inclusion K TV is a shape equivalence, iV has the shape of K, 
hence that of We know (by Lemma [28l) that the boundary components of N 
are homology spheres, and the only 2-manifold which satisfies this condition is the 
2-sphere. Hence again by LemmaE8lit follows that N is homeomorphic to § 2 x [0, 1] 
via some hi : S 2 x [0, 1] — > N. Since hi restricts to a homeomorphism between the 
boundaries of N and § 2 x [0, 1] , there is clearly no loss of generality in assuming the 
required conditions hi(E> 2 x {0}) = rT and /ii(§ 2 x {1}) = n + because if this does 
not happen it is only necessary to precede hi by S 2 x [0, 1] 3 (x, s) i— > (x, 1 — s) G 
§ 2 x[0,l]. □ 



Step 3. M is homeomorphic either to § 2 x S 1 or to § 2 x t S 1 . 

Proof. It is easy to see that we can assume n~ = n + ■ (— 1) because both are sections 
of M — K. Denoting P = n + ■ [— 1, 0] the part of M comprised between n~ and n + , 
it is homeomorphic to n~ x [—1,0], hence to S 2 x [—1,0], via a homeomorphism 

: § 2 x [— 1, 0] — ► P. As before we can be assume that /i2(S 2 x { — 1}) = n + and 
/i 2 (§ 2 x {0}) = n~ without loss of generality. 

Consider the compositions 

k : S 2 x {0} n~ ^ § 2 x {0} 

and 

£:§ 2 x{-l}^>n+^S 2 x{l}, 

which can be thought of as self homeomorphisms of the 2-sphere. Therefore either 
they are isotopic, or k and t o r-i are isotopic. This is a consequence of the stable 
homeomorphism conjecture for the sphere, which asserts that every orientation 
preserving homeomorphism of the sphere is stable (hence isotopic to the identity, 
see for example |10| Section 4.]). The conjecture is now known to be true because 
it follows from the annulus conjecture, see [TUl Theorem 9.4.]. 

We shall assume that k and lor^ are isotopic, for example (the other possibility 
is similar but somewhat simpler), so that there exists a level preserving homeo- 
morphism G : § 2 x [0,1] — y § 2 x [0,1] such that G (x) = G(x, 0) = fc(x,0) and 
Gi(x) = G(x,l) =!(r 2 (a:),-l). Let h\ = hi oG : § 2 x [0,1] — ► N, which is a new 
homeomorphism with the same boundary properties as hi, because G preserves 
levels. 

Now h* and h% agree on S 2 x {0}, because /i*|s2 X {0} = ' l i ° = hi o k = /12. 
Therefore both can be pasted to obtain a surjective continuous mapping H : § 2 x 
[—1,1] — y M defined by i?|s2 X [_ 10 ] — h 2 and i?|s 2 x[o,i] = Observe further 
that M is thus exhibited as a quotient of S 2 x [—1, 1] by identifying points which 
have the same image under H. These are precisely those (x, 1) and (y, — 1), of 
the upper and lower lids respectively, such that H(x, 1) = H(y,—1). However 
H(x,l) = h\{x,\) = h x oGi{x,l) = hi o I o (r 2 (a;),-l) = h 2 {r 2 (x),-l) and 
H(y, —1) = hi{y, —1) so H(x, 1) = H(y, —1) if, and only if, y — r 2 (x) because h% 
is a homeomorphism. Therefore M is the result of identifying the upper and lower 
lids of S 2 x [—1, 1] by means of r 2 , so it is homeomorphic to § 2 x t § . □ 
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Naturally, if k and £ had been isotopic, then M would have been homeomorphic 
to § 2 x S 1 . □ 

Observe that Theorem l27l for the case n = 1, can also follow from the results 
presented in the section about surfaces: if K has the shape of (a wedge sum) a one- 
sphere, then the ambient manifold must be either the torus (which is the untwisted 
product S 1 x S 1 ) or the Klein bottle (which is the twisted product S 1 x t S 1 ). 

Now we shall describe the necessary modifications to obtain a higher-dimensional 
version of Theorem I27i that is when n > 3. The first problem one must handle 
is the fact that in Step 1 one cannot in general assure any more that TV is a 
manifold, because although its boundary is still a homology manifold it need not 
be a topological manifold anymore (see [37J P- 245]). This can be fixed assuming 
that M is a differentiable manifold and the flow is smooth, since then the isolating 
block N can be taken to be a manifold by [13] . 

A second difficulty arises in the need to prove that n~ and n + , the components 
of dN, are simply connected. It suffices to guarantee that iri(n~) is abelian, since 
then it is trivial because n~ is a homology sphere. The same happens for n + 
because it is homeomorphic to n~, both being sections of M — K. 

Thus 

Theorem 29. Let M be a connected smooth manifold without boundary and let 
K C M be an isolated unstable attractor with only internal explosions for a smooth 
flow. If K has the shape of S™ and M — K is simply connected ( or more generally 
ir\(M — K) is abelian), then M is homeomorphic to 8™ x S 1 (if orientable) or to 
E> n x t S 1 (if nonorientable) and K is a global attractor. 

7. Appendix 

This appendix collects the proofs of two easy lemmata about algebraic topology 
which have been deferred to avoid disturbing the exposition. 

Lemma 30. If (Xi,Ai) and (^2,^2) are compact pairs such that X\ — A\ = 
X2-A2, thenp(X 1 ,A 1 ;R)=p(X 2 ,A 2 ;R). 

Proof. Denoting it : {Xi,A\) — > (X\/ A\, A\/ A\) the canonical projection, by 
[551 5. Theorem, p. 318] we have that it* is an isomorphism so p(A"i,/li) = 
p{Xi/Ai. A1/A1), and by the same reason p(X 2 , A 2 ) = p(X 2 /A 2 , A 2 /A 2 ). Clearly 
X\i 1 A\ is a one-point compactification of X\— A\ (the point at infinity being A\j A\) 
and similarly X 2 /A 2 is a one-point compactification of X 2 — A 2 , the point at infinity 
being A 2 /A 2 . However, since X\ — A\ = X 2 — A 2 , the uniqueness of such a com- 
pactification implies that there exists a homeomorphism h : (X1/A1, A\fA\) — > 
(X 2 /A 2 ,A 2 /A 2 ). Consequently ppfi.jli) =p(X 1 /A 1 ,Ai/Ai) = p(X 2 /A 2 , A 2 /A 2 ) = 
p(X 2 ,A 2 ). □ 

Lemma 31. For any topological space X, Hk(X x [—1,1], X x { — 1,1}; i?) = 
Hk-i(X; R). The same statement is true for cohomology. 

Proof. The proof is an application of Mayer- Vietoris sequences. Namely, consider 
the open pairs (X x [—1, 1], A x { — 1}) and (A x [—1, 1], A x {1}) of subsets of the 
pair (A x [—1, 1], A x { — 1, 1}). Since the inclusions A x { — 1} <-> A x [—1, 1] and 
A x {1} <—> X x [—1,1] are homotopy equivalences, both pairs have zero homology 
modules in all dimensions. Moreover, their intersection is (A x [—1, 1], 0), which has 



UNSTABLE ATTRACTORS IN MANIFOLDS 



25 



homology isomorphic to that of (X, 0) . Therefore their Mayer- Vietoris sequence 
reads 

...^O^ff^x [-1, 1], X x {-1, 1}) — H^X) — — . . . 
whence the result follows. For cohomology the same argument applies. □ 
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